
Beyond The Small-Angle Approximation: A Computational
Study Of The Period Of A Simple PendulumRESEARCH ARTICLE

Daniel K. Mikhael (student)*
Lycée De La Salle french section, 6 El Beshnini St. Berket AZ Zatli Daher, Cairo, Egypt
October 22, 2026
* Corresponding author email: danielkhalil320@gmail.com
[bookmark: _heading=h.lz3mriulgigb]Abstract
The familiar formula for the period of a simple pendulum, T₀ = 2π√(L/g), is derived by assuming that the angular displacement is small. This study examines how the formula’s accuracy changes as the initial swing angle increases. Starting from the nonlinear equation of motion, the period is expressed using a complete elliptic integral and evaluated numerically. The predictions are compared with both the small-angle formula and a higher-order approximation. For an ideal pendulum of length 1.00 m in a gravitational field of 9.81 m s⁻², the small-angle formula underestimates the period by about 0.76% at an initial angle of 20°, 3.84% at 45°, and 15.28% at 90°. Under the model used here, its error first reaches 1% at approximately 22.93°. A correction containing terms through the fourth power of the angle greatly improves the estimate across the tested range. The results show why the assumptions behind a familiar physics formula matter. All numerical values are theoretical calculations, not measurements from a physical experiment.
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[bookmark: _heading=h.iaepq6fy7hch]Introduction
A simple pendulum consists of a bob treated as a point mass, attached to a light string of fixed length and swinging under gravity. For small oscillations, its period is commonly written as
		(1)
where L is the pendulum length and g is gravitational acceleration. This expression is useful because it is simple and predicts that the period does not depend on the bob’s mass. However, its derivation uses the approximation , which becomes less accurate as the angle grows.
The pendulum is therefore a useful example of a broader idea in physics: a model may work very well under specific assumptions but become less accurate outside those conditions. The motion at larger angles is nonlinear, and its period can be calculated using an elliptic integral.
[bookmark: _heading=h.b78hk1f3uj62]Research Question and Hypothesis
Research question: How does the initial angular displacement affect the period of an ideal simple pendulum, and at what angle does the small-angle formula produce a relative error of at least 1%?
Hypothesis: The exact period will increase with the initial angle. Consequently, the small-angle formula will increasingly underestimate the period. A correction that includes higher powers of the initial angle should give a more accurate estimate over the range considered.

[bookmark: _heading=h.8cwxh3y9aqnf]Methods
[bookmark: _heading=h.o6orrwg6iktv]Physical Model and Derivation
[bookmark: _heading=h.snb9mnmlk350]Equation of Motion
Consider a pendulum of length L and bob mass m, displaced by an angle  from the vertically downward direction. The gravitational torque about the pivot is
	.	(2)
For a point mass at distance  from the pivot, the moment of inertia is . Using    gives
	.	(3)
This is the nonlinear equation of motion. For small angles measured in radians, replacing  with  makes Equation (3) approximately linear:
	.	(4)
The resulting simple-harmonic solution has angular frequency  and period , which yields Equation (1).
[bookmark: _heading=h.rj4hzwp2xtg4]Period Without the Small-Angle Approximation
Let  be the maximum angle, released from rest. Conservation of mechanical energy gives
	.	(5)
Solving for the angular speed along one quarter of the motion and integrating from  to  gives the period in integral form. With the substitution
	,	(6)
the result is
	,	(7)
where
		(8)
is the complete elliptic integral of the first kind. The integral generally cannot be simplified into elementary functions, but it can be evaluated numerically.
[bookmark: _heading=h.bgahd6sam5mz]A Higher-Order Approximation
Expanding the period in powers of the initial angle, expressed in radians, gives
	.	(9)
Keeping only the displayed correction terms gives the approximation
	.	(10)
Unlike Equation (1), this expression includes the leading effects of finite amplitude. It is still an approximation, rather than an exact result.
[bookmark: _heading=h.4n00wh21hl5t]Numerical Procedure
This is a theoretical and computational investigation, not a physical laboratory experiment. The model assumes a point-like bob, a massless and inextensible string, a fixed pivot, no air resistance, no friction, and constant gravitational acceleration.
The pendulum length was set to  and gravitational acceleration to . Initial angles of 5°, 10°, 20°, 30°, 45°, 60°, and 90° were examined. Each angle was converted to radians before it was used in a formula.
For every angle, the exact-model period from Equation (7) was found by numerical integration of Equation (8), using Simpson’s rule. The result was compared with the small-angle period  and the corrected estimate The absolute relative error of an estimate Tₐ was defined as
	,	(11)
where  is the period calculated from the elliptic-integral model. A bisection search was then used to estimate the initial angle at which the small-angle formula’s relative error reaches 1%.
The accompanying Python script uses only Python’s standard library. It reproduces the table and estimates the 1% threshold. Because the code evaluates a mathematical model, its output must not be described as experimental measurement.
[bookmark: _heading=h.h2a1mf5m221j]Results and Discussion
Table 1 presents the calculated periods. For all tested angles, the elliptic-integral result is greater than the small-angle estimate. The difference increases with the initial angle.


Table 1. Calculated periods for a 1.00 m pendulum under (g = 9.81) ms⁻². () is the elliptic-integral result, (0) the small-angle estimate, and (2) the fourth-order estimate. Errors are relative to ().
	Initial angle
	T (s)
	T₀ (s)
	Error of T₀
	T₂ (s)
	Error of T₂

	5°
	2.00702
	2.00607
	0.04759%
	2.00702
	< 0.00001%

	10°
	2.00989
	2.00607
	0.19036%
	2.00989
	< 0.00001%

	20°
	2.02145
	2.00607
	0.76107%
	2.02145
	0.00004%

	30°
	2.04099
	2.00607
	1.71109%
	2.04098
	0.00049%

	45°
	2.08626
	2.00607
	3.84369%
	2.08614
	0.00555%

	60°
	2.15287
	2.00607
	6.81916%
	2.15220
	0.03140%

	90°
	2.36784
	2.00607
	15.27869%
	2.35916
	0.36670%



For the selected length, the small-angle formula gives a period of approximately 2.006 s at every amplitude. In contrast, the period from the nonlinear model rises from approximately 2.007 s at 5° to 2.368 s at 90°. The constant prediction in the small-angle model is a consequence of its linearization, not a property of the full pendulum equation.
The numerical threshold search estimates that the small-angle formula reaches a 1% relative error at an initial angle of approximately 22.93°. This threshold belongs to the idealized model and to the error definition in Equation (11); it is not a universal boundary for every real pendulum experiment.
The results support the hypothesis. As the initial angle increases, the exact-model period increases, while the small-angle formula remains constant. The physical reason is visible in Equation (3): the restoring torque is proportional to , not directly to θ. These quantities are close for small angles but diverge as the angle grows.
For angles at or below 10°, the small-angle formula’s error in this model is below 0.2%. At 30°, it exceeds 1.7%, and at 90° it is about 15.3%. Thus, whether the simple formula is “accurate enough” depends on the required precision. A classroom estimate may tolerate an error that would be unacceptable for a precision measurement.
The fourth-order approximation in Equation (10) agrees very closely with the elliptic-integral calculation over the tested range. Its error is below 0.04% through 60° and approximately 0.37% at 90°. This improvement is expected because it includes more terms from the amplitude expansion. However, adding terms does not make the truncated series exact, and accuracy should not be assumed beyond the angles tested without further analysis.
[bookmark: _heading=h.nocxkx6d2pri]Limitations
The results describe an ideal mathematical pendulum. Real experiments can be affected by air resistance, pivot friction, string mass and stretch, the bob’s finite size, uncertainty in the angle and length, and timing errors. These effects were not included. The study also evaluates a limited set of angles, although the accompanying script can be modified to test more values. A useful extension would be to build a pendulum, record repeated timings at several amplitudes, estimate uncertainty, and compare the measured periods with both theoretical predictions.
[bookmark: _heading=h.w8ag2nxlds1t]Conclusion
This computational study investigated how initial angle affects the period of an ideal simple pendulum. The elliptic-integral model predicts that period increases with amplitude, whereas the small-angle formula predicts a constant period. For a 1.00 m pendulum under g = 9.81 ms⁻², the small-angle formula reaches a 1% relative error at approximately 22.93° and underestimates the period by approximately 15.28% at 90°. A correction through fourth order in the angle substantially improves the estimate across the tested range.
The main conclusion is not that the small-angle formula is wrong, but that it is conditional: it is reliable when its assumptions are appropriate. The project demonstrates how a physical law, a mathematical approximation, and a simple computational method can be combined to test the limits of a model.
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[bookmark: _heading=h.86jnbv6rw8sb]Appendix A. Python Code for Reproducing the Calculations
The script below evaluates the elliptic integral with Simpson’s rule, prints the table values, and estimates the angle where the small-angle formula’s error reaches 1%. It requires Python 3 and no external packages.
from math import pi, sin, sqrt, radians
 
# Idealized pendulum parameters (SI units)
L = 1.00 # length in meters
G = 9.81 # gravitational acceleration in m/s^2
N = 20000 # even number of Simpson integration intervals
ANGLES_DEG = [5, 10, 20, 30, 45, 60, 90]
 
 
def elliptic_k(k, intervals=N):
    """Compute K(k) = integral_0^(pi/2) dphi/sqrt(1-k^2 sin(phi)^2)
    using composite Simpson’s rule.
    """
    if intervals <= 0:
        raise ValueError("intervals must be positive")
    if intervals % 2:
        intervals += 1
 
    a, b = 0.0, pi / 2.0
    h = (b - a) / intervals
 
    def integrand(phi):
        return 1.0 / sqrt(1.0 - (k * sin(phi)) ** 2)
 
    total = integrand(a) + integrand(b)
    for i in range(1, intervals):
        weight = 4.0 if i % 2 == 1 else 2.0
        total += weight * integrand(a + i * h)
    return total * h / 3.0
 
 
def periods(angle_deg):
    """Return (exact-model, small-angle, fourth-order) periods in seconds."""
    theta = radians(angle_deg)
    k = sin(theta / 2.0)
    t_exact = 4.0 * sqrt(L / G) * elliptic_k(k)
    t_small = 2.0 * pi * sqrt(L / G)
    t_corrected = t_small * (
        1.0 + theta**2 / 16.0 + 11.0 * theta**4 / 3072.0
    )
    return t_exact, t_small, t_corrected
 
 
def relative_error_percent(estimate, reference):
    return abs(estimate - reference) / reference * 100.0
 
 
print(" angle | exact (s) | small-angle error (%) | corrected (s) | corrected error (%)")
for angle in ANGLES_DEG:
    exact, small, corrected = periods(angle)
    e_small = relative_error_percent(small, exact)
    e_corrected = relative_error_percent(corrected, exact)
    print(f"{angle:5.1f} | {exact:9.5f} | {e_small:20.5f} | "
          f"{corrected:13.5f} | {e_corrected:18.6f}")
 
# Bisection search for the angle where the small-angle error reaches 1%.
low, high = 0.0, 90.0
for _ in range(60):
    middle = (low + high) / 2.0
    exact, small, _ = periods(middle)
    error = relative_error_percent(small, exact)
    if error < 1.0:
        low = middle
    else:
        high = middle
 
print(f"\n1% error threshold: {(low + high) / 2.0:.2f} degrees")
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